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Course content

*** Inverse problems: the image denoising example
+** Quadratic prior and the heat equation
** Geometrical interpretation of the diffusion process

** PDE & anisitropic diffusion



Inverse problems in computational imaging
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- Deconvolution - Contour detection

- Reconstruction - ...




Inverse problems in computational imaging
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Inverse problem: image denoising as an example

Trade-off between the consistency to:
* the observation <,\:
* the prior knowledge

> Minimization of a unique cost function

Solution stated as the solution of a minimization issue

u = arg mizl/rll Eops(w,v) + Ereg(u)

uec V
* Consistency between the observations and the solution

* Agreement to the expected properties to be depicted by
the solution (e.g., regularity prior)

* Illustration with a quadratic formulation

u = argmin [Ju — v||? + ||Vul]?
ueld



Inverse problem: image denoising as an example

Trade-off between the consistency to:
* the observation <,\:
* the prior knowledge

> Minimization of a unique cost function

Solution stated as the solution of a minimization issue

u = arg mizl/rll Eops(w,v) + Ereg(u)

uec V
* Consistency between the observations and the solution

* Agreement to the expected properties to be depicted by
the solution (e.g., regularity prior)



Euler-Lagrange Equation &
Heat Equation



Minimization issue: variational formulation

Solution stated as the solution of a minimization issue

u = argmin [Ju — v||? + ||Vul?
uel

* Variables x,y regarded as a scalar function

 Defintion of the variational cost:

E(u,v) = / ) = o) dp + / R

* Gradient-based minimization
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Minimization issue: variational formulation

Solution stated as the solution of a minimization issue

u = argmin [Ju — v||? + ||Vul?
uel

* Variables x,y regarded as a scalar function

 Defintion of the variational cost:

2 2
E(u,v) / lu(p) — v(p)|? dp + / V|2 dp
pel pe
* Gradient-based minimization

G (EHD) o (R)



Minimization issue: variational formulation

Euler-Lagrange: Calculus of Variations (Gateau derivative)

VuE(u,v) = OF _ div ( oL )

ou oVu
OF 0 OF
VaBlu,v)=Z = ; o, (aux)
Diffusimf equation 8u
b e = —AVLE(u,0)

descent



Minimization issue: variational formulation

Eueler-Lagrange: Quadratic case

u = arg migll lu—v||? + || Vul|*  E(u,v) = lu—vl* + o Vul?
uec



Minimization issue: variational formulation

Eueler-Lagrange: Quadratic case
u = arg migll lu—v||? + || Vul|*  E(u,v) = lu—vl* + o Vul?
uec
VuE(u,v) =2 (u—v) — alu

wF T = (k) ) (2 : (u(k) — v) — ozAu(k))

Ju 9. ((v B u(k)> n ozAu(k)) Diffusion

a / equation



Diffusion process using the heat equation

t=25

From Nielsen, Lauze and Kornprobst, Computer Vision Course, 2006



Minimization issue: variational formulation

Euler-Lagrange: Quadratic case. Heat equation E = aAu

Invariance of the Laplacian operator w.r.t. the local
Frame

Au = UurTT + UNN

contour

Green solution of the heat equation

U(p, t) — Gt x U(p, O) with Gt(p) —



Anisotropic Diffusion



Principle of the anisotropic diffusion

* Heat equation: % — a\u T
ot
* Anisotropic diffusion: :
ou
i crr (Vu)urr + ey (Vu) uny contour
lim cpr (Vu) = lim cyny (Vu)
|Vu||—0 |IVu||—0

lim CNN (V’LL) /CTT (VU) = (

|V u||— o0



Total variation & curvature motion

* Preserving contours

L2 norm ‘ M-estimator . Total variation

a

p(t) = t* p(t) =1 —exp [-Xt’] p(t) = [t

e Modified variational cost

E(u,v) = / ) o) dp+ / _o(Ivulpdp



Total variation & curvature motion

* Geometrical interpretation of the regulerization

Vu 1
div | ! (19| = o (9l wrr -+ 57 (9l uy
[Vl [Vl
T
» Total variation example p(t) = |¢| N
Vu Vu
div [ o' (HVUH)] = div [ ] =K
IVl [Vul

contour

* TV diffusion % — K
ot



Variation totale, mouvement par courbure

e Curvature of image level-lines
c

|
X
|

div[ Vu ] 4rT

IVl UNN

Fig. 2.1. Tangent vector, normal vector and curvature. The curvature « is equal to 1/R. In this
case, the normal points inward the osculating circle, and the curvature is positive

From «Geometric Curve Evolution and Image Processing», F. Cao, 2002



Total variation & curvature motion

* TV denoising

B =20 B=6 ‘

From Nielsen, Lauze and Kornprobst, Computer Vision Course, 2006



Anisotropic diffusion: other examples

* Perona-Malik diffusion

@:div

ot

- Vu

[Vl

P (IVul)

e Examples of functions for ¢

c(t) = exp |[—t°/K?]

c(t) = [1 —I—tQ/KQ}_

= div ¢ ([|Vul]) Vul

1

o(t) = [1+¢2/K2] 1



From Nielsen, Lauze and
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Anisotropic diffusion: Perona-Malik diffusion
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Anisotropic diffusion: Perona-Malik diffusion

K=20 |

ou ,
i div [c (||Vul|) Vul

K=50 |

c(t) = exp |[—t°/K”]

t=30 t=50




Anisotropic diffusion: Perona-Malik diffusion

ou _ div [c (||Vul||) Vu

c(t) = [1+t*/K?

t=10 t=20 t=50



From Nielsen, Lauze and
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Anisotropic diffusion: Perona-Malik diffusion

K=1

O — divfe(|Vul) v

K=50

c(t) = [1+3/K?] "

t=10 t=30 t=100



Mean curvature flow (Guichard et al.)

Geometrical evolution of curve vs. Geometrical evolution of the
level-lines of an image

oC . . oI It

_— , , g oo — _— — T T e e e e 4 e e e

5 F(k,k',k )N 5 g(IN, , )IN
oC | = oI .
ot _EdZU(F[Ii,IM,...])N — S =dv(F[L...,...])

Curve evolution Level-line evolution



Mean curvature flow (Guichard et al.)

Shape evolution equation:

min/ ds —— 3_0 — kN
c ot
Application to image level-lines:
oC - 0
ou ou _ Vu
5 = || V|  — o = div [||Vu||

Asymptotic case of an iterated median filter

] IVl = urr

contour



Mean curvature flow (Guichard et al.)

Examples

ou ,
o = div [

Vu
[Vl

] IVl = urr

t=10 t=50 t=100

From Nielsen, Lauze and Kornprobst, Computer Vision Course, 2006
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