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Course content

v Inverse problems: the image denoising example

v Quadratic prior and the heat equation

v Geometrical interpretation of the diffusion process

v PDE & anisitropic diffusion



Problème inverse

Inverse problems in computational imaging
Retrieving x knowing y given hypothesis on the noise 
process, the sensor and …..
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- denoising - Motion estimation
- Deconvolution - Contour detection
- Reconstruction - ...



Problème inverse
Inverse problems in computational imaging
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Learning-based 
schemes



Inverse problem: image denoising as an example

Trade-off between the consistency to:
• the observation
• the prior knowledge 

Minimization of a unique cost function 

Solution stated as the solution of a minimization issue

• Consistency between the observations and the solution

• Agreement to the expected properties to be depicted by 
the solution (e.g., regularity prior)

• Illustration with a quadratic formulation

bu = argmin
u2U

ku� vk2 + kruk2
<latexit sha1_base64="NKccxrp1nT02qowdhx3auUjKTwA="></latexit>

bu = argmin
u2U

Eobs(u, v) + Ereg(u)
<latexit sha1_base64="b7pkqeKTtE/beMSggjledCCVLl4="></latexit>
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Euler-Lagrange Equation & 
Heat Equation



Minimization issue: variational formulation

Solution stated as the solution of a minimization issue

• Variables x,y regarded as a scalar function

• Defintion of the variational cost:

• Gradient-based minimization 

E(u, v) =

Z

p2⌦
ku(p)� v(p)k2 dp+

Z

p2⌦
kruk2 dp
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Minimization issue: variational formulation

Euler-Lagrange: Calculus of Variations (Gateau derivative)

ruE(u, v) =
@E

@u
� div

✓
@E

@ru

◆

<latexit sha1_base64="MU/tBMvlWTQj2XMOk+m0xwXfd5c="></latexit>

ruE(u, v) =
@E

@u
�

X

xi

@

@xi

✓
@E

@uxi

◆

<latexit sha1_base64="Mc+JxnHmOVNObSJDUmY/VQfhlGo="></latexit>

@u

@t
= ��ruE(u, v)

<latexit sha1_base64="Q3UccMlizcsdJUqz+NiWvT3D5gM=">AAACI3icbVDLSsNAFJ34tr6qLt0MFqGClsQHiiCIIrisYGuhCeVmOmmHTiZhHkIJ/Rc3/oobF4q4ceG/OG0DPg8MHM65j7knTDlT2nXfnYnJqemZ2bn5wsLi0vJKcXWtrhIjCa2RhCeyEYKinAla00xz2kglhTjk9DbsXQz92zsqFUvEje6nNIihI1jECGgrtYonfiSBZH4KUjPg2Ay+uB7gU7zrczutDdgXEHLALYMvy2bnbhu3iiW34o6A/xIvJyWUo9oqvvrthJiYCk04KNX03FQH2XAb4XRQ8I2iKZAedGjTUgExVUE2unGAt6zSxlEi7RMaj9TvHRnESvXj0FbGoLvqtzcU//OaRkfHQcZEajQVZLwoMvb6BA8Dw20mKdG8bwkQyexfMemCDU3bWAs2BO/3yX9Jfa/i7VcOrw9KZ+d5HHNoA22iMvLQETpDV6iKaoige/SIntGL8+A8Oa/O27h0wsl71tEPOB+fT0CjWw==</latexit>

Diffusion equation
as continuous-case
of the gradient
descent



Minimization issue: variational formulation

Eueler-Lagrange: Quadratic case

E(u, v) = ku� vk2 + ↵kruk2
<latexit sha1_base64="xgj42frwM31/h0l6DvVvQ6pmWLs=">AAACFHicbVDLSgNBEJyN7/iKevQyGARFDbtR0YsQFMGjgomBbAy9k9lkyOzsMo9AWPMRXvwVLx4U8erBm3/jJOagxoKGoqqb7q4g4Uxp1/10MhOTU9Mzs3PZ+YXFpeXcympFxUYSWiYxj2U1AEU5E7Ssmea0mkgKUcDpTdA5G/g3XSoVi8W17iW0HkFLsJAR0FZq5HbOt8xudxufYP/O7HX9u9si3sE+8KQNVsK+gIADNgOjkcu7BXcIPE68EcmjES4buQ+/GRMTUaEJB6VqnpvoegpSM8JpP+sbRRMgHWjRmqUCIqrq6fCpPt60ShOHsbQlNB6qPydSiJTqRYHtjEC31V9vIP7n1YwOj+spE4nRVJDvRaHhWMd4kBBuMkmJ5j1LgEhmb8WkDRKItjlmbQje35fHSaVY8PYLh1cH+dLpKI5ZtI420Bby0BEqoQt0icqIoHv0iJ7Ri/PgPDmvztt3a8YZzayhX3DevwCpjZwe</latexit>

bu = argmin
u2U

ku� vk2 + ↵kruk2
<latexit sha1_base64="EhNHQjMPi1+gBSvJqmpfVL9VvOY="></latexit>



Minimization issue: variational formulation

Eueler-Lagrange: Quadratic case
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bu = argmin
u2U

ku� vk2 + ↵kruk2
<latexit sha1_base64="EhNHQjMPi1+gBSvJqmpfVL9VvOY="></latexit>

ruE(u, v) = 2 · (u� v)� ↵�u
<latexit sha1_base64="X2yPDRvBN9DvXl6WaPnLDWEo9Js="></latexit>

u(k+1) = u(k) � �
⇣
2 ·

⇣
u(k) � v

⌘
� ↵�u(k)

⌘

<latexit sha1_base64="AwR8SJL7y+hsUV6FphhVUwN/QC8="></latexit>

@u

@t
= 2 · �

⇣⇣
v � u(k)

⌘
+ ↵�u(k)

⌘

<latexit sha1_base64="hpZBrvb4BeHLe1bM67+XT92XBn8="></latexit>

Diffusion 
equation



Diffusion process using the heat equation

t=0 t=3 t=25

From Nielsen, Lauze and Kornprobst, Computer Vision Course, 2006



Minimization issue: variational formulation

Euler-Lagrange: Quadratic case. Heat equation

Invariance of the Laplacian operator w.r.t. the local 
Frame

Green solution of the heat equation

contour

�u = uTT + uNN
<latexit sha1_base64="8u0BCG6Lt2HwKab5pRVcqTNg9R0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEISSeEE3QlEXrkqF3qANYTKdtEMnkzAzEUoIuPFV3LhQxK0v4c63cdJmoa0/DHz85xzOnN+LGJXKsr6NwsLi0vJKcbW0tr6xuWVu77RkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y1usnr7gQhJQ95Q44g4ARpw6lOMlLZcc693S5hCMIZXMHaTRiOFxxnUaqlrlq2KNRGcBzuHMshVd82vXj/EcUC4wgxJ2bWtSDkJEopiRtJSL5YkQniEBqSrkaOASCeZ3JDCQ+30oR8K/biCE/f3RIICKceBpzsDpIZytpaZ/9W6sfIvnYTyKFaE4+kiP2ZQhTALBPapIFixsQaEBdV/hXiIBMJKx1bSIdizJ89D66Rin1bO78/K1es8jiLYBwfgCNjgAlTBHaiDJsDgETyDV/BmPBkvxrvxMW0tGPnMLvgj4/MHxMqWVQ==</latexit>

u(p, t) = Gt ⇤ u(p, 0)
<latexit sha1_base64="ULRJ1cCyMFQhbOzKH/rOQtqiM38=">AAAB/nicbVDLSgMxFM3UV62vUXHlJliEVqTM+EA3QtGFLivYB7RDyaSZNjTzILkjlKHgr7hxoYhbv8Odf2OmnYW2Hrhwcs695N7jRoIrsKxvI7ewuLS8kl8trK1vbG6Z2zsNFcaSsjoNRShbLlFM8IDVgYNgrUgy4ruCNd3hTeo3H5lUPAweYBQxxyf9gHucEtBS19yLS9ExlPEVvu0CPsLp0yp3zaJVsSbA88TOSBFlqHXNr04vpLHPAqCCKNW2rQichEjgVLBxoRMrFhE6JH3W1jQgPlNOMll/jA+10sNeKHUFgCfq74mE+EqNfFd3+gQGatZLxf+8dgzepZPwIIqBBXT6kRcLDCFOs8A9LhkFMdKEUMn1rpgOiCQUdGIFHYI9e/I8aZxU7NPK+f1ZsXqdxZFH++gAlZCNLlAV3aEaqiOKEvSMXtGb8WS8GO/Gx7Q1Z2Qzu+gPjM8f+4eS7Q==</latexit>

Gt(p) =
1p
4⇡↵t

exp


� ptp

4↵t

�

<latexit sha1_base64="38NtWe5MyQZ1DVgynMV5YXlV5+U="></latexit>

with

@u

@t
= ↵�u

<latexit sha1_base64="t0QPYGzIPkz417ylQZA8uYgo/NE=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRIf6EYo6sJlBfuAJpSb6aQdOnkwMxFKyG+48VfcuFDEpa78GydtQG09MHA4517unOPFnEllWV9GaWFxaXmlvFpZW9/Y3DK3d1oySgShTRLxSHQ8kJSzkDYVU5x2YkEh8Dhte6Or3G/fUyFZFN6pcUzdAAYh8xkBpaWeaTm+AJI6MQjFgOMk++EqwxcYO8DjIWDnmnIFOOmZVatmTYDniV2QKirQ6JkfTj8iSUBDRThI2bWtWLlpfoNwmlWcRNIYyAgGtKtpCAGVbjpJluEDrfSxHwn9QoUn6u+NFAIpx4GnJwNQQznr5eJ/XjdR/rmbsjBOFA3J9JCf6MwRzmvCfSYoUXysCRDB9F8xGYKuSukyK7oEezbyPGkd1ezj2untSbV+WdRRRntoHx0iG52hOrpBDdREBD2gJ/SCXo1H49l4M96noyWj2NlFf2B8fgPh16Av</latexit>



Anisotropic Diffusion



Principle of the anisotropic diffusion

• Heat equation:

• Anisotropic diffusion: N

T

contour

@u

@t
= ↵�u

<latexit sha1_base64="t0QPYGzIPkz417ylQZA8uYgo/NE=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwVRIf6EYo6sJlBfuAJpSb6aQdOnkwMxFKyG+48VfcuFDEpa78GydtQG09MHA4517unOPFnEllWV9GaWFxaXmlvFpZW9/Y3DK3d1oySgShTRLxSHQ8kJSzkDYVU5x2YkEh8Dhte6Or3G/fUyFZFN6pcUzdAAYh8xkBpaWeaTm+AJI6MQjFgOMk++EqwxcYO8DjIWDnmnIFOOmZVatmTYDniV2QKirQ6JkfTj8iSUBDRThI2bWtWLlpfoNwmlWcRNIYyAgGtKtpCAGVbjpJluEDrfSxHwn9QoUn6u+NFAIpx4GnJwNQQznr5eJ/XjdR/rmbsjBOFA3J9JCf6MwRzmvCfSYoUXysCRDB9F8xGYKuSukyK7oEezbyPGkd1ezj2untSbV+WdRRRntoHx0iG52hOrpBDdREBD2gJ/SCXo1H49l4M96noyWj2NlFf2B8fgPh16Av</latexit>

@u

@t
= cTT (ru)uTT + cNN (ru)uNN

<latexit sha1_base64="7J+s3hUVbh5V+VLIdyZOktp88yc="></latexit>

lim
kruk!0

cTT (ru) = lim
kruk!0

cNN (ru)
<latexit sha1_base64="jrc1eZdXx2MG+PBrOCvL2aD6eL4="></latexit>

lim
kruk!1

cNN (ru) /cTT (ru) = 0
<latexit sha1_base64="QjrQR+BSp96HV4Mkt1tjImkIhac="></latexit>



Total variation & curvature motion

• Preserving contours

• Modified variational cost

L2 norm M-estimator Total variation

⇢(t) = t2
<latexit sha1_base64="LmsiZoulr3B2U44VBGoDnxZZgj4=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BItQL2W3KnoRil48VrAf0G5LNk3b0GyyJLNKWfo/vHhQxKv/xZv/xrTdg7Y+GHi8N8PMvCAS3IDrfjuZldW19Y3sZm5re2d3L79/UDcq1pTVqBJKNwNimOCS1YCDYM1IMxIGgjWC0e3UbzwybbiSDzCOmB+SgeR9TglYqdPWQ1WEU3yNoVPG3XzBLbkz4GXipaSAUlS7+a92T9E4ZBKoIMa0PDcCPyEaOBVskmvHhkWEjsiAtSyVJGTGT2ZXT/CJVXq4r7QtCXim/p5ISGjMOAxsZ0hgaBa9qfif14qhf+UnXEYxMEnni/qxwKDwNALc45pREGNLCNXc3orpkGhCwQaVsyF4iy8vk3q55J2VLu7PC5WbNI4sOkLHqIg8dIkq6A5VUQ1RpNEzekVvzpPz4rw7H/PWjJPOHKI/cD5/AFGlkRg=</latexit>

⇢(t) = 1� exp
⇥
��t2

⇤
<latexit sha1_base64="2WPOCA0cEYQRQbszi9NsZXr2eYw=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEQ8JuVPQiiF48RjBRyK5hdtKbDJl9MNMrhuBfePFXvHhQxKve/Bsnj4MmFjQUVd0z3RWkUmh0nG9rZnZufmExt5RfXlldW7c3Nus6yRSHGk9kom4CpkGKGGooUMJNqoBFgYTroHs+8K/vQGmRxFfYS8GPWDsWoeAMjdS0y57qJEXcoyfULXlwn3oSQqQNWvKkeaXFKN5WqKdEu4PUp0274JSdIeg0ccekQMaoNu0vr5XwLIIYuWRaN1wnRb/PFAou4SHvZRpSxrusDQ1DYxaB9vvDux7orlFaNEyUqRjpUP090WeR1r0oMJ0Rw46e9Abif14jw/DY74s4zRBiPvoozCTFhA5Coi2hgKPsGcK4EmZXyjtMMY4myrwJwZ08eZrUK2V3v3x4eVA4PRvHkSPbZIcUiUuOyCm5IFVSI5w8kmfySt6sJ+vFerc+Rq0z1nhmi/yB9fkD+pCdUw==</latexit>

⇢(t) = |t|
<latexit sha1_base64="usfxnzM7jWWpZDz3Nr50d+zlgjQ=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHBC9n1Eb2YEL14xEQeCWzI7DALE2Zn1pleEgJ8hxcPGuPVj/Hm3zjAHhSspJNKVXe6u4JYcAOu++1kVlbX1jeym7mt7Z3dvfz+Qc2oRFNWpUoo3QiIYYJLVgUOgjVizUgUCFYP+ndTvz5g2nAlH2EYMz8iXclDTglYyW/pnirCKb7BYxi38wW35M6Al4mXkgJKUWnnv1odRZOISaCCGNP03Bj8EdHAqWCTXCsxLCa0T7qsaakkETP+aHb0BJ9YpYNDpW1JwDP198SIRMYMo8B2RgR6ZtGbiv95zQTCa3/EZZwAk3S+KEwEBoWnCeAO14yCGFpCqOb2Vkx7RBMKNqecDcFbfHmZ1M5K3nnp8uGiUL5N48iiI3SMishDV6iM7lEFVRFFT+gZvaI3Z+C8OO/Ox7w146Qzh+gPnM8flgSRVg==</latexit>

E(u, v) =

Z

p2⌦
ku(p)� v(p)k2 dp+

Z

p2⌦
⇢ (kruk) dp

<latexit sha1_base64="G8pzCIksmSnKZ/dYZdUv7mgC3A0="></latexit>



Total variation & curvature motion

• Geometrical interpretation of the regulerization

• Total variation example

• TV diffusion

div


ru

kruk⇢
0 (kruk)

�
=

1

kruk⇢
0 (kruk)uTT + ⇢00 (kruk)uNN

<latexit sha1_base64="mIEFa0o86NEZdHqGLC0OOOiJ9sE="></latexit>

⇢(t) = |t|
<latexit sha1_base64="usfxnzM7jWWpZDz3Nr50d+zlgjQ=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHBC9n1Eb2YEL14xEQeCWzI7DALE2Zn1pleEgJ8hxcPGuPVj/Hm3zjAHhSspJNKVXe6u4JYcAOu++1kVlbX1jeym7mt7Z3dvfz+Qc2oRFNWpUoo3QiIYYJLVgUOgjVizUgUCFYP+ndTvz5g2nAlH2EYMz8iXclDTglYyW/pnirCKb7BYxi38wW35M6Al4mXkgJKUWnnv1odRZOISaCCGNP03Bj8EdHAqWCTXCsxLCa0T7qsaakkETP+aHb0BJ9YpYNDpW1JwDP198SIRMYMo8B2RgR6ZtGbiv95zQTCa3/EZZwAk3S+KEwEBoWnCeAO14yCGFpCqOb2Vkx7RBMKNqecDcFbfHmZ1M5K3nnp8uGiUL5N48iiI3SMishDV6iM7lEFVRFFT+gZvaI3Z+C8OO/Ox7w146Qzh+gPnM8flgSRVg==</latexit>

div


ru

kruk⇢
0 (kruk)

�
= div


ru

kruk

�
= 

<latexit sha1_base64="hKTqjMIvTYt4TDUQBjqC92ByBhc="></latexit>

@u

@t
= 

<latexit sha1_base64="/mKpv+TTnjfThMkIkw0cG00PTWk=">AAACEHicbVDLSgMxFM3UV62vUZdugkV0VWZ8oBuh6MZlBfuATil30kwbmpkJSUYoQz/Bjb/ixoUibl2682/MtANq64HAybmP5BxfcKa043xZhYXFpeWV4mppbX1jc8ve3mmoOJGE1knMY9nyQVHOIlrXTHPaEpJC6HPa9IfXWb15T6VicXSnR4J2QuhHLGAEtJG69qEXSCCpJ0BqBhzjZPxz0WN8ib0hCAFdu+xUnAnwPHFzUkY5al370+vFJAlppAkHpdquI3QnzTYTTsclL1FUABlCn7YNjSCkqpNODI3xgVF6OIilOZHGE/X3RAqhUqPQN50h6IGarWXif7V2ooOLTsoikWgakelDQWKcxjhLB/eYpETzkSFAJDN/xWQAJiFtMiyZENxZy/OkcVxxTypnt6fl6lUeRxHtoX10hFx0jqroBtVQHRH0gJ7QC3q1Hq1n6816n7YWrHxmF/2B9fENhNSc4Q==</latexit>

N

T

contour



Variation totale, mouvement par courbure

From «Geometric Curve Evolution and Image Processing», F. Cao, 2002

• Curvature of image level-lines

div


ru

kruk

�
=  =

uTT

uNN
<latexit sha1_base64="YaktT3i5AwXaAA6zYhl/fu6nz2k="></latexit>



Total variation & curvature motion

• TV denoising

From Nielsen, Lauze and Kornprobst, Computer Vision Course, 2006

� = 20
<latexit sha1_base64="YE1jqYNz1X9SwFeCaV6tuyLN8ng=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKexGRS9C0IvHCOaByRJmJ51kyOzsMtMrhCV/4cWDIl79G2/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNIc6j2SkWwEzIIWCOgqU0Io1sDCQ0AxGt1O/+QTaiEg94DgGP2QDJfqCM7TSYycAZPSaVtxuseSW3RnoMvEyUiIZat3iV6cX8SQEhVwyY9qeG6OfMo2CS5gUOomBmPERG0DbUsVCMH46u3hCT6zSo/1I21JIZ+rviZSFxozDwHaGDIdm0ZuK/3ntBPtXfipUnCAoPl/UTyTFiE7fpz2hgaMcW8K4FvZWyodMM442pIINwVt8eZk0KmXvrHxxf16q3mRx5MkROSanxCOXpEruSI3UCSeKPJNX8uYY58V5dz7mrTknmzkkf+B8/gDcZY+8</latexit>

� = 6
<latexit sha1_base64="GhryVg8ajz9arXDSQkeEMMVQGp0=">AAAB8HicbVDJSgNBEK2JW4xb1KOXxiB4CjPuFyHoxWMEs0gyhJ5OTdKke2bo7hHCkK/w4kERr36ON//GznLQxAcFj/eqqKoXJIJr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZwqhjUWi1g1A6pR8AhrhhuBzUQhlYHARjC4HfuNJ1Sax9GDGSboS9qLeMgZNVZ6bAdoKLkmF51iyS27E5BF4s1ICWaodopf7W7MUomRYYJq3fLcxPgZVYYzgaNCO9WYUDagPWxZGlGJ2s8mB4/IkVW6JIyVrciQifp7IqNS66EMbKekpq/nvbH4n9dKTXjlZzxKUoMRmy4KU0FMTMbfky5XyIwYWkKZ4vZWwvpUUWZsRgUbgjf/8iKpn5S90/L5/VmpcjOLIw8HcAjH4MElVOAOqlADBhKe4RXeHOW8OO/Ox7Q158xm9uEPnM8fchqPhg==</latexit>

� = 1
<latexit sha1_base64="uo6ZurQD1nHCYvtYJbVVC9dzY4k=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKez6QC9C0IvHCOYhyRJmJ73JkNnZZWZWCEu+wosHRbz6Od78GyfJHjRa0FBUddPdFSSCa+O6X05haXllda24XtrY3NreKe/uNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupn6rUdUmsfy3owT9CM6kDzkjBorPXQDNJRcEa9XrrhVdwbyl3g5qUCOeq/82e3HLI1QGiao1h3PTYyfUWU4EzgpdVONCWUjOsCOpZJGqP1sdvCEHFmlT8JY2ZKGzNSfExmNtB5Hge2MqBnqRW8q/ud1UhNe+hmXSWpQsvmiMBXExGT6PelzhcyIsSWUKW5vJWxIFWXGZlSyIXiLL/8lzZOqd1o9vzur1K7zOIpwAIdwDB5cQA1uoQ4NYBDBE7zAq6OcZ+fNeZ+3Fpx8Zh9+wfn4BmqGj4E=</latexit>



Anisotropic diffusion: other examples

• Perona-Malik diffusion

• Examples of functions for c

@u

@t
= div


ru

kruk⇢
0 (kruk)

�
= div [c (kruk)ru]

<latexit sha1_base64="wkgb6crD4+kBQb19c4fUqjheVXo="></latexit>

c(t) = exp
⇥
�t2/K2

⇤
<latexit sha1_base64="T4Ri3JQtnYT7C6JtA9Mj0HJP4bQ=">AAACEHicbVC7SgNBFJ31bXxFLW0Gg6iFcdcH2ghBG8EmglFhdw2zk7vJkNkHM3fFEPIJNv6KjYUitpZ2/o2TZAtfB+7lcM69zNwTpFJotO1Pa2R0bHxicmq6MDM7N79QXFy61EmmONR4IhN1HTANUsRQQ4ESrlMFLAokXAXtk75/dQtKiyS+wE4KfsSasQgFZ2ikenGdb+AmPaIe3KXUkxAidekW3uzQ7TPTPCWaLaQ+rRdLdtkegP4lTk5KJEe1XvzwGgnPIoiRS6a169gp+l2mUHAJvYKXaUgZb7MmuIbGLALtdwcH9eiaURo0TJSpGOlA/b7RZZHWnSgwkxHDlv7t9cX/PDfD8NDvijjNEGI+fCjMJMWE9tOhDaGAo+wYwrgS5q+Ut5hiHE2GBROC8/vkv+Ryp+zslvfP90qV4zyOKbJCVskGccgBqZBTUiU1wsk9eSTP5MV6sJ6sV+ttODpi5TvL5Aes9y+rT5na</latexit>

c(t) =
⇥
1 + t2/K2

⇤�1

<latexit sha1_base64="zTm2RFgb8BUz+JcUYcGXAzxmVOc=">AAACEXicbVC7SgNBFJ31GeMramkzGISIGHejoo0QtBFsIpgH7G7C7GQ2GTL7YOauEJb8go2/YmOhiK2dnX/j5FFo4oF7OZxzLzP3eLHgCkzz25ibX1hcWs6sZFfX1jc2c1vbNRUlkrIqjUQkGx5RTPCQVYGDYI1YMhJ4gtW93vXQrz8wqXgU3kM/Zm5AOiH3OSWgpVauQAtwgC+xI5gP2MbWITRL+PhWN0fyThewi5vpkTVo5fJm0RwBzxJrQvJogkor9+W0I5oELAQqiFK2ZcbgpkQCp4INsk6iWExoj3SYrWlIAqbcdHTRAO9rpY39SOoKAY/U3xspCZTqB56eDAh01bQ3FP/z7AT8CzflYZwAC+n4IT8RGCI8jAe3uWQURF8TQiXXf8W0SyShoEPM6hCs6ZNnSa1UtE6KZ3en+fLVJI4M2kV7qIAsdI7K6AZVUBVR9Iie0St6M56MF+Pd+BiPzhmTnR30B8bnD/j9mf4=</latexit>

c(t) =
⇥
1 + t2/K2

⇤�1/2

<latexit sha1_base64="YmqBw6D8IxqhnQSITCC7bj+W5wk=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAhRMdmNijZC0EawiWAekGzC7GQ2GTL7YOauEJb8g42/YmOhiK2NnX/j5FFo4oF7OZxzLzP3uJHgCizr25ibX1hcWk6tpFfX1jc2za3tigpjSVmZhiKUNZcoJnjAysBBsFokGfFdwapu73roVx+YVDwM7qEfMccnnYB7nBLQUss8pFk4wJe4IZgHuI7tI2gWcP5Wt4bknS5gBzeTYztfGLTMjJWzRsCzxJ6QDJqg1DK/Gu2Qxj4LgAqiVN22InASIoFTwQbpRqxYRGiPdFhd04D4TDnJ6KYB3tdKG3uh1BUAHqm/NxLiK9X3XT3pE+iqaW8o/ufVY/AunIQHUQwsoOOHvFhgCPEwINzmklEQfU0IlVz/FdMukYSCjjGtQ7CnT54llULOPsmd3Z1mileTOFJoF+2hLLLROSqiG1RCZUTRI3pGr+jNeDJejHfjYzw6Z0x2dtAfGJ8/7cKacw==</latexit>



Anisotropic diffusion: Perona-Malik diffusion

K=1

K=10

t=10 t=30 t=100

From Nielsen, Lauze and 
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@u

@t
= div [c (kruk)ru]

<latexit sha1_base64="Lzx6kVQEWkUyRHU8MFoge5s9WvM="></latexit>

c(t) = exp
⇥
�t2/K2

⇤
<latexit sha1_base64="T4Ri3JQtnYT7C6JtA9Mj0HJP4bQ=">AAACEHicbVC7SgNBFJ31bXxFLW0Gg6iFcdcH2ghBG8EmglFhdw2zk7vJkNkHM3fFEPIJNv6KjYUitpZ2/o2TZAtfB+7lcM69zNwTpFJotO1Pa2R0bHxicmq6MDM7N79QXFy61EmmONR4IhN1HTANUsRQQ4ESrlMFLAokXAXtk75/dQtKiyS+wE4KfsSasQgFZ2ikenGdb+AmPaIe3KXUkxAidekW3uzQ7TPTPCWaLaQ+rRdLdtkegP4lTk5KJEe1XvzwGgnPIoiRS6a169gp+l2mUHAJvYKXaUgZb7MmuIbGLALtdwcH9eiaURo0TJSpGOlA/b7RZZHWnSgwkxHDlv7t9cX/PDfD8NDvijjNEGI+fCjMJMWE9tOhDaGAo+wYwrgS5q+Ut5hiHE2GBROC8/vkv+Ryp+zslvfP90qV4zyOKbJCVskGccgBqZBTUiU1wsk9eSTP5MV6sJ6sV+ttODpi5TvL5Aes9y+rT5na</latexit>



Anisotropic diffusion: Perona-Malik diffusion

K=20

K=50

t=10 t=30 t=50

From Nielsen, Lauze and 
Kornprobst, Computer 
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@u

@t
= div [c (kruk)ru]

<latexit sha1_base64="Lzx6kVQEWkUyRHU8MFoge5s9WvM="></latexit>

c(t) = exp
⇥
�t2/K2

⇤
<latexit sha1_base64="T4Ri3JQtnYT7C6JtA9Mj0HJP4bQ=">AAACEHicbVC7SgNBFJ31bXxFLW0Gg6iFcdcH2ghBG8EmglFhdw2zk7vJkNkHM3fFEPIJNv6KjYUitpZ2/o2TZAtfB+7lcM69zNwTpFJotO1Pa2R0bHxicmq6MDM7N79QXFy61EmmONR4IhN1HTANUsRQQ4ESrlMFLAokXAXtk75/dQtKiyS+wE4KfsSasQgFZ2ikenGdb+AmPaIe3KXUkxAidekW3uzQ7TPTPCWaLaQ+rRdLdtkegP4lTk5KJEe1XvzwGgnPIoiRS6a169gp+l2mUHAJvYKXaUgZb7MmuIbGLALtdwcH9eiaURo0TJSpGOlA/b7RZZHWnSgwkxHDlv7t9cX/PDfD8NDvijjNEGI+fCjMJMWE9tOhDaGAo+wYwrgS5q+Ut5hiHE2GBROC8/vkv+Ryp+zslvfP90qV4zyOKbJCVskGccgBqZBTUiU1wsk9eSTP5MV6sJ6sV+ttODpi5TvL5Aes9y+rT5na</latexit>



Anisotropic diffusion: Perona-Malik diffusion

K=1

K=10

t=10 t=20 t=50

@u

@t
= div [c (kruk)ru]

<latexit sha1_base64="Lzx6kVQEWkUyRHU8MFoge5s9WvM="></latexit>

c(t) =
⇥
1 + t2/K2

⇤�1

<latexit sha1_base64="zTm2RFgb8BUz+JcUYcGXAzxmVOc=">AAACEXicbVC7SgNBFJ31GeMramkzGISIGHejoo0QtBFsIpgH7G7C7GQ2GTL7YOauEJb8go2/YmOhiK2dnX/j5FFo4oF7OZxzLzP3eLHgCkzz25ibX1hcWs6sZFfX1jc2c1vbNRUlkrIqjUQkGx5RTPCQVYGDYI1YMhJ4gtW93vXQrz8wqXgU3kM/Zm5AOiH3OSWgpVauQAtwgC+xI5gP2MbWITRL+PhWN0fyThewi5vpkTVo5fJm0RwBzxJrQvJogkor9+W0I5oELAQqiFK2ZcbgpkQCp4INsk6iWExoj3SYrWlIAqbcdHTRAO9rpY39SOoKAY/U3xspCZTqB56eDAh01bQ3FP/z7AT8CzflYZwAC+n4IT8RGCI8jAe3uWQURF8TQiXXf8W0SyShoEPM6hCs6ZNnSa1UtE6KZ3en+fLVJI4M2kV7qIAsdI7K6AZVUBVR9Iie0St6M56MF+Pd+BiPzhmTnR30B8bnD/j9mf4=</latexit>



Anisotropic diffusion: Perona-Malik diffusion
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K=50

t=10 t=30 t=100

From Nielsen, Lauze and 
Kornprobst, Computer 
Vision Course, 2006

@u

@t
= div [c (kruk)ru]

<latexit sha1_base64="Lzx6kVQEWkUyRHU8MFoge5s9WvM="></latexit>

c(t) =
⇥
1 + t2/K2

⇤�1

<latexit sha1_base64="zTm2RFgb8BUz+JcUYcGXAzxmVOc=">AAACEXicbVC7SgNBFJ31GeMramkzGISIGHejoo0QtBFsIpgH7G7C7GQ2GTL7YOauEJb8go2/YmOhiK2dnX/j5FFo4oF7OZxzLzP3eLHgCkzz25ibX1hcWs6sZFfX1jc2c1vbNRUlkrIqjUQkGx5RTPCQVYGDYI1YMhJ4gtW93vXQrz8wqXgU3kM/Zm5AOiH3OSWgpVauQAtwgC+xI5gP2MbWITRL+PhWN0fyThewi5vpkTVo5fJm0RwBzxJrQvJogkor9+W0I5oELAQqiFK2ZcbgpkQCp4INsk6iWExoj3SYrWlIAqbcdHTRAO9rpY39SOoKAY/U3xspCZTqB56eDAh01bQ3FP/z7AT8CzflYZwAC+n4IT8RGCI8jAe3uWQURF8TQiXXf8W0SyShoEPM6hCs6ZNnSa1UtE6KZ3en+fLVJI4M2kV7qIAsdI7K6AZVUBVR9Iie0St6M56MF+Pd+BiPzhmTnR30B8bnD/j9mf4=</latexit>



Mean curvature flow (Guichard et al.)

Geometrical evolution of curve vs. Geometrical evolution of the 
level-lines of an image

Curve evolution Level-line evolution



Mean curvature flow (Guichard et al.)

Shape evolution equation:

Application to image level-lines:
N

T

contour

Asymptotic case of an iterated median filter

@u

@t
= kruk

<latexit sha1_base64="0HxHRxDclvN741FjDOtz8Gej7gk=">AAACH3icbVDLSgMxFM3UV62vqks3wSK4KjO+N0LRjcsK9gGdUu6kmTY0kwlJRijT/okbf8WNC0XEXf/G9AFq64HA4Zx7uTknkJxp47ojJ7O0vLK6ll3PbWxube/kd/eqOk4UoRUS81jVA9CUM0ErhhlO61JRiAJOa0HvduzXHqnSLBYPpi9pM4KOYCEjYKzUyl/4oQKS+hKUYcBxMvzhZojxNcZ+D6QE7A98AQEHnPgD3MoX3KI7AV4k3owU0AzlVv7Lb8ckiagwhIPWDc+VppmOLxFOhzk/0VQC6UGHNiwVEFHdTCf5hvjIKm0cxso+YfBE/b2RQqR1PwrsZASmq+e9sfif10hMeNVMmZCJoYJMD4WJTR7jcVm4zRQlhvctAaKY/SsmXbCFGVtpzpbgzUdeJNWTondaPL8/K5RuZnVk0QE6RMfIQ5eohO5QGVUQQU/oBb2hd+fZeXU+nM/paMaZ7eyjP3BG30hdonY=</latexit>

@u

@t
= div


ru

kruk

�
kruk = uTT

<latexit sha1_base64="twTGrfn9teeN8+/xUl/K24DWyuE="></latexit>



Mean curvature flow (Guichard et al.)
Examples

t=10 t=50 t=100

From Nielsen, Lauze and Kornprobst, Computer Vision Course, 2006

@u

@t
= div


ru

kruk

�
kruk = uTT

<latexit sha1_base64="twTGrfn9teeN8+/xUl/K24DWyuE="></latexit>
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